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1. Introduction 

1.1. In this paper we construct a combinatorial realisation of a certain class of 
simple integrable modules with finite dimensional weight spaces over a quantised 
affine algebra. 

The best-known examples of such modules are the highest weight simple inte- 
grable modules V{X). These modules are, essentially, combinatorial objects for the 
following reasons. First of all, they can be defined for an arbitrary quantised Kac- 
Moody algebra. Next, the formal character of V'(A) is given by a universal formula 
known as Kac-Weyl character formula (cf. ^1 Chapter 10]) and determines V{X) 
uniquely up to an isomorphism. Furthermore, V{X) is a quantum deformation 
(cf. of ^ module over the corresponding Kac- Moody algebra which is also sim- 
ple and has the same formal character. Finally, after |lf)ll24) . V'(A) admits a crystal 
basis and a global basis. 

The properties of a crystal basis, formulated in an abstract way, lead to the 
notion of a crystal as a set equipped with root operators e^, fa for each simple 
root a of the corresponding Kac-Moody algebra and some other operations which 
will be discussed later. In particular, one associates with ^(A) a crystal B{X) 
which encodes the major properties of the module. For example, one can define, 
in a natural way, a tensor product of crystals whose properties refiect these of the 
tensor product of modules for the V{X). Namely, a decomposition of the tensor 
product of crystals B{X) and B{ii) yields a decomposition of V{X) (g) V{n). 

1.2. The crystals B[X) are known to admit numerous combinatorial realisa- 
tions. One of the most important, due to its simplicity and universality, is the path 
model of Littelmann (cf. |21l \22\ ). In the framework of that model, B{X) is repre- 
sented as a subset of the set P of piece-wise continuous linear paths in a rational 
vector subspace a Cartan subalgebra of the Kac-Moody algebra connecting the ori- 
gin with an integral weight. Then the tensor product of crystals corresponds to the 
concatenation of paths. The Isomorphism Theorem of Littelmann (cf. |21]) stipu- 
lates that any subcrystal of P, which is generated over the associative monoid A4 
of root operators by a path which connects the origin with A and lies entirely in 
the dominant chamber, provides a realisation of B{X). Moreover, any two such re- 
alisations for A fixed are isomorphic as crystals. In particular, they are isomorphic 
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to the subcrystal of P generated over M by the hnear path connecting the origin 
with A. 

1.3. The case of affine Lie algebras is somewhat special since they admit, be- 
sides the Kac-Moody presentation, an explicit realisation in terms of loop algebras. 

Let g be a finite dimensional simple Lie algebra of rank £ over C and denote 
by 2 the corresponding untwisted affine algebra (cf. I2.2|l . Two quantum versions 
of 5 are generally considered. They will be denoted by XJq and Ug respectively and 
differ by a choice of the torus (cf . 12.3(1 . The algebra XJq can also be viewed as a 
subquotient of XJq. 

The algebra admits finite dimensional integrable representations which have 
been and still are being studied extensively (cf., to name but a few, [Tl 171 IHl [TOI ITTl 
El El El ESI 123 EH|)- These modules are parametrised by ^-tuples of polynomials 
over C(g) in one variable with constant term 1, known as Drinfel'd polynomials, 
and are very different, in many respects, from highest weight integrable modules. 
They are not, in general, determined by their formal character (however, they are 
determined by their g-characters introduced in JSI)- They do not always admit 
classical limits and these limits, when exist, are not necessarily simple modules 
over the corresponding affine Lie algebra and in fact may have a rather complex 
structure. Finally, it seems that existence of a crystal basis is an exception rather 
than a rule for this class of modules. The general reason for these discrepancies 
is that the construction of finite dimensional XJq modules arises from the loop-like 
(Drinfel'd) presentation of XJq (cf. OElEl) pecuhar to the Kac-Moody algebras 
of affine type. 

1.4. Simple (infinite dimensional) integrable modules with finite dimensional 
weight spaces were classified in (21121 for affine Lie algebras and in 5 for quantised 
affine algebras. Namely, such a module is either a highest weight module ^(A) (or 
its graded dual) or a loop module. The modules of the latter class are constructed, 
in the quantum simple submodulcs of the loop spaces of finite dimensional 
simple modules over XJq. Namely, let tt = (tti, . . . , tt^), tTj £ C{q)[u\ be an £- 
tuple of polynomials with constant term 1 and let V{tt) be the corresponding finite 
dimensional simple U^-module. Let m be the maximal positive integer such that 
all the TTi, i = !,...,£ lie in C(g)[u™]. Then one can show (cf. 0) that the 
cyclic group Z/mZ acts on the loop space ^(Tr) :— V{Tr) ®c(g) C{q)[t,t~^] and its 
action commutes with that of XJq. In particular, simple submodules V{tvY''\ k ~ 
0, . . . , TO— 1 correspond to distinct irreducible characters of the abelian group Z/toZ. 
We say that V(tv) is of fundamental type if ttj (u) = 6ij (1 — m™) for some m > and 
for some i G {!,...,£} fixed. Henceforth we denote such an ^-tuple of polynomials 

by "C^rm- 

It turns out that simple submodules of V{vL7i-m) are determined by their formal 
characters up to a twist by an automorphism of Ug . In the present paper we show 
that these modules admit a certain analogue of a crystal basis and construct a 
realisation in the framework of Littelmann's path model of the crystal associated 
to that basis in a natural way. The first example of q of type Ai, m arbitrary 
and I = 1, in which case the module Vijx^i-i) is isomorphic to the quantum analogue 
of the natural (£-|-l-dimensional) representation of g as a module over the quantised 
enveloping algebra Uq{2) corresponding to g, was considered in The case m — 1 
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was later treated, independently, by S. Naito and D. Sagaki (cf. for g of all 
types and for all i — 1, . . . ,£. Here we consider all modules of fundamental type 
for g of all types which we believe to be the widest class of integrable Ug-modules 
of level zero with finite dimensional weight spaces which admit a combinatorial 
realisation inside the path crystal of Littelmann. Our analysis is based on the 
approach of and on the results of ^H] and j25| . 

1.5. Let us briefly describe the principal results of this paper. It was shown 
in jJSj that V{'CJi-i) always admits a crystal basis B^zji-i) whose mth tensor power, 
for any to > is indecomposable as a crystal. In order to treat the modules V{-cJi.m) 
for an arbitrary m one has to introduce the notion of a z-crystal basis (cf. |S] 
and Definition l3.1|l . Roughly speaking, whilst crystal bases are preserved as sets by 
the root operators of Kashiwara, z-crystal bases are preserved by these operators 
up to a multiplication by a power of a complex number z only. Our first result is 
the following 

Theorem 1. The simple module V{vj^rn)^'^\ fc = 0, . . . , to — 1, to > 0, admits a 
z-crystal basis B[vj^rn)^''\ where z is an TOth primitive root of unity. 

From the combinatorial point of view multiplication of elements of a basis by 
roots of unity is not important and one can get rid of it associating a crystal to a 
z-crystal basis fcf. I3.2|l . It turns out that the crystal associated with I3{-c^i.rnY''^ 
is indecomposable and these are all indecomposable subcrystals of the afhnisa- 
tion (cf. 12.81) of the finite crystal B{-oji-^)®'^ . That illustrates once again how 
different loop modules are from highest weight modules. Indeed, the afhnisation 
of B{vji-i)®^ is also isomorphic to the crystal basis of the simple U^-module l^(7r) 
where tt = (tti, . . . , tt^) with ■nj{u) = (5jj(l — w)™. Thus, the crystal basis of that 
simple module is a disjoint union of indecomposable crystals. 

Let Ci7i, z = 1, . . . , £ be the fundamental weights of q extended by zero to weights 
of g and let 5 be the generator of imaginary roots of g fcf. I2.2|l . The main result of 
this paper is the following 

Theorem 2. The associated crystal of B{'vai.raY^'^ is isomorphic to the subcrys- 
tal B{mmi + kS) of the Littelmann path crystal generated by the linear path con- 
necting the origin with mwi + k6. 

Acknovirledgements. We are greatly indebted to A. Joseph who taught us 
all we know about crystals. We are grateful to V. Toledano-Laredo, and the first 
author thanks B. Leclerc, P. Littelmann and M. Varagnolo, for numerous interesting 
discussions. 



2. Preliminaries and notations 

2.1. Let C(g) be the field of rational functions in q with complex coefficients, 
that is, the fraction field of C[q]. Let ^ C C{q) be the ring C[q] locaHzed at q — 
0, which identifies with the subring of rational functions in q regular at q — 0. 
Given to > rt > 0, define 



q" 



[m]gl ^ [l]q ■ ■ ■ [m]. 



All the above are Laurent polynomials in q over Z. 
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2.2. Set / = {1, ...,£} and let A — {a.ij)i.jei be the Cartan matrix of a finite 
dimensional simple Lie algebra q over C of rank Fix a Cartan subalgebra f) C 
and let {aj}ig/ (respectively, {a^jig/) be a basis of f)* (respectively, of [)) such 
that a/(aj) = aij. Define the fundamental weights tUj G [)*, z G / of g by a^{wj) = 

where Si^j is the Kronecker's symbol, and let Pq be the free abelian group 
generated by the Wi, i £ I. Let 9 = J2iei ^® highest root of g with respect 
to f) and denote by 6^ = J2iei ^i'^i corresponding co-root. 

Set / = / U {0} and let A = (ajj)^ be the generalised Cartan matrix of the 
untwisted afRne Lie algebra g associated with q. As a vector space, 

s = 0^cC[t, t-'^] e Cc e cd, 

where c is the canonical central element and a,dd = t-^. Then () — () © Cc © Cd is 

a Cartan subalgebra of g. Set := c — . Define i5 G f)* by d{5) = 1, i5|[j®Cc = 
and set ao = S — 9. Then {ai}-^j (respectively, {a'^}.^j) is a set of simple roots 

of 5 and a^{aj) = Uij, i,j G /. Notice that a^{^) = = c(aj) for all i £ I. 

Define the fundamental weights Aj G ()*, i G / of g by conditions a/(Aj) = dij, 
d{Ai) = Si^Q. Let P be the free abelian group generated by the Aj, i € I and 
set P := P Q) ZS. Extend the map cci A^ — a/Ao to an embedding of Pq 
into P and identify Pq with its image inside P which in turn coincides with the 
set {A G P : c(A) = 0}. Let ^ : P ^ P/Z6 be the canonical projection. Notice 
that P identifies with P/ZS and that £,{ao) = —9. 

For alH G / define an elementary reflection Si G Aut f)* by s^A = A — {X)ai 
for all A G ()*. The Weyl group of g (respectively, the Weyl group W of g) 
identifies with the group generated by the Si : i £ I (respectively, i £ I). The 
set of roots of g is a disjoint union of the set of real roots \J^^jWai and imaginary 
roots Z(5 \ {0}. If /3 is a real root, denote the corresponding co-root by and 
set SfjX = A — (3^ {\)(3, A G f)*. Observe that sq = se as an automorphism of P and 
so W identifies with W when we consider the action of the former group on P. 

2.3. Let di, i £ I he positive relatively prime integers such that the ma- 
trix {diaij)^ is symmetric and let qi = q'^' . Henceforth, for any symbol Xi, 

iG/,setxf^=Xf/[fc],.!. 

The quantised afiine algebra TJq := Ug(0) corresponding to g is an associative 
algebra over C{q) with generators Ei, Fi, Kf^, i £ I, C^^/^ and D^^ subjects to 
the following relations 

C^^/^ are central and C = where 8 = aiai 

KiK-^ ^ K-^K,= DD-'^ = D-'^D = 1, K.K^ = K^K,, KiD = DKi, 
K.E.Kr^^q^^^E,, K,F,Kr^=q;^'^F„ 
DEjD-^ = q^'-°Ej, DFjD-'^ = q~^^'"Fj, 
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1 (^ij 1 ^ij 

Let be the quotient of Ug by the two-sided ideal generated by C^^/^ — 1. The 
algebra is the subalgebra of generated by the Ei, Fi and Kf^, i G I. 

The elements Ei, Fi and Kf^, i G I generate a subalgebra U^*" of which 

is isomorphic to the quantised enveloping algebra Uq{g) of g. Notice also that, for 
alH S / fixed, the elements Ei, Fi and K^-^ generate a subalgebra of isomorphic 
tof/g.(s[2). 

2.4. One can introduce a Z-grading on Ug in the following way. We say 
that a; e is homogeneous of degree fc G Z if DxD~^ = q'^x. That grading is 
obviously well-defined since all generators of arc homogeneous and induces a Z- 
grading on U,. Given z e C(g)^ , define an automorphism 0^ of Ug by (f>z{x) = z'^x 
if X is homogeneous of degree k. Evidently, 4>2 descends to an automorphism of Ug. 

Let M be a Ug or Ug-module. Denote by ^!>*M the vector space M with the 
action of Ug twisted by the automorphism (/>2, that is x0*(to) := 4'z{x)m for all x £ 
Ug or Ug, m G M. Notice that the map M — > (/>*M is trivial as a map of vector 
spaces or U^'"-modules. 

Let M be a Ug-module. One can endow the loop space M := M^c^q^C{q) [t, t~^] 
of M with the structure of a Ug-module by setting 

x{m® f{t)) = xm®t^f{t), D^\m® f{t)) =m® f{q^h), C^^/'^m = m, 
for all m e M, f e C{q)[t^^] and for all x £ Ug homogeneous of degree k. 

2.5. Let M be a Ug (respectively, Ug) module. We say that M is a module of 
type 1 if M = 0^gpg (respectively, M = 0^gpM^), where = {m e M : 

Kim = g"* m. Vie/} (respectively, M^, = {m G M : Kim = g"' m, V« € 
/, Dm = q^^^^m}). The subspaces M^, are called weight subspaces of M and we 
call M admissible if dimM^ < oo for all i' e Po (respectively, for all v G P). An 
element u e Pa or P is a weight of M if M,y ^ 0. 

A module of type 1 is said to be of level fc G Z if C acts on M by id and is said 
to be integrable if the generators Ei, Fi, i G I act locally nilpotently on M. In other 
words, M is a direct sum (possibly infinite), of finite dimensional simple Uq.{sl2)- 
modules for all i G I. Evidently, if M is a finite dimensional Ug-module, then M 
is an integrable Ug-module. Moreover, observe that all weights of M are of the 
form v + rd where G Pq and r G Z, and that M^+^a is spanned by m ® V 
where m G M^. Thus, M is admissible. 

2.6. It is well-known that Ug admits a structure of a Hopf algebra. Throughout 
the rest of this paper we will use the co-multiplication given on generators by the 
following formulae 

I^{Ei) = Ei®K-^ + l®Ei, A{Fi)=Fi®l + Ki®Fi, (2.1) 
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the elements Kf'^ ^ D^^ and C^^/^ bemg group-hke. Then one can easily prove by 
induction on r that 

(2.2) 

s=0 

Evidently, the above Hopf algebra structure descends to the algebra Ug. Hence- 
forth, unless specified otherwise, a tensor product of two XJq or Ug modules is 
assumed to be endowed with a structure of a Ug or Ug module with respect to the 
co-product H2.1|) . 

2.7. The algebras Ug and Ug admit another presentation, known as the Drin- 
fel'd or loop- like presentation (cf. |21 E3 El)- Namely, Ug is isomorphic to an 
associative algebra over C{q) generated by the a;^^., hi^r, Kf^, i e I, k ^ 
r e Z \ {0}, C*^/^ and D^^ subjects to certain relations (see, for example, |2^)- 
Let us only mention that the a;^^. and the hi^k are homogeneous of degree k and xfg 
(respectively, x~q) identifies with Ei (respectively, Fi). 

For all i S / and r S Z, define Pi^±r by equating the powers of u in the formal 
power series 



r>0 k>0 



^P,±..^ = exp(-^^^^:^^.^ 



Then the Pi,r, i <E I, r ^ Z are homogeneous of degree r and generate the same 
subalgebra of Ug as the hi^r- 

A Ug-module M is called /-highest weight with highest weight (A, tt^), where A S 
Po and 7r=t = {'Kf{u),...,Tr^{u)) with 7rf(u) = I]fe>o^^±fc"'' ^ C;((7)[[u]] and 
TTi^o — 1- if there exists a non-zero m G M\ such that AI ~ UgW and 

^Xk^ = 0, Pi,±km = TTj^ifem, Vi G /, /c G Z. 

Such an m is called an /-highest vector. By an /-highest weight module M 

with highest weight (A,7r^) is simple and finite dimensional provided that iriu) = 
7r+(u) = (tti, . . . , TT^) is an ^-tuple of polynomials, deg7r,i = a^(A) and 7r~(w) = 
ydcgiTi^^j-y-i^^^ydcgiri^^j^y-i-jl^^^-j Moreover, all finite dimensional simple Ug- 
modules are obtained that way. Henceforth we denote the simple finite dimensional 
/-highest weight module corresponding to an ^-tuple tt of polynomials with constant 
term 1 by V{t^). Let utt be the unique, up to a scalar, /-highest weight vector 
oiV{-K). 

Let z G . Since the Pi ^ are homogeneous of degree fc, Pi.±k<P*z{vTv) = 
T^i,±kVTv- It follows that 0*y(7r) is isomorphic to V{tTz) where tVz{u) = tt{zu). 



z 



±k 



2.8. Let us conclude this section with a brief review of some facts about crystals 
which we will need later. Throughout the rest of this paper, a crystal is a set B 
endowed with maps e^, : B — > i3U{0}, e^, (^i : P ^ Z for alH G / and wt : B P 
or wt : B ^ P satisfying the standard axioms (see fT^ 1.2] or 5.2]). In 
particular, ipi{b) — Si{h) 4- a^(wt6) for all 6 G B and ej,/^ for i fixed are quasi- 
inverses of each other i.e. for all 5, b' G B, Cib = b' if and only if fib' = b. All crystals 
we consider are normal, that is ei{b) — max{n : e"5 G B}, 'fi{b) = max{n : /"& G 
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B}. All morphisms of crystals will be assumed to be strict, that is, commuting 
with all crystal operators. We say that Bi is a subcrystal of B2 if there exists an 
injective morphism of crystals Bi ^ i?2- If Bi is a subset of B2, we say that Bi 
is a subcrystal if the trivial embedding is a morphism of crystals that is, if Bi is a 
crystal with respect to the crystal operations on B2 restricted to Bi . 

Let A4 be the associative monoid generated by the operators ei, fi : i G I. A 
crystal B is generated hy b e B over M if B = Mb :— {xb : x £ M} \ {0}. We 
say that a crystal B is indecomposable if it does not admit a non-empty subcrystal 
different from itself. By say ^1 2.5] a crystal B is indecomposable if and only if 
B is generated by some b G B over M. Moreover, if B = Aib for some b G B 
then B = Mb' for all b' G B. 

Given a family of crystals i?i , . . . , _B„ one can introduce a structure of a crystal 
on the set Bi x ■ ■ ■ x _B„ , which is called the tensor product of crystals and denoted 
by Bi (8) • • • ® Bn , in the following way (cf. 17 , 1.3]). Given 6 = fei ® • • • 5„ , bi G Bi, 
define the Kashiwara functions 6 i-^ r^(6) : i G /, fc e {1, . . . , 71} by 

rlib) = e^ibk) - J2 "^(^t^J-)- 

l<j<k 

Then £^(5) is defined to be the maximal value of r^(6) as a function of fc, wt6 = 
wt 61 + • • ■ + wt 6„ and (respectively, fi) acts in the leftmost (respectively, right- 
most) place where the maximal value of r^(6) is attained. That is known as Kashi- 
wara's tensor product rule. It takes a particularly nice form for n — 2 fcf. I3.5|l . 

Let i? be a crystal with wt : B ^ P. Its affinisation B = B x Z is a crystal 
with respect to the following operators. Denote the pair {b,n) G B x Z a.s b t" . 
Then £i(6 (8) t") = ei{b) and wt 6 (g) = wtb + nS G P. Furthermore, if Cib = 0, 
set aib «) t") = 0. Otherwise, e^{b t") = e,b ® t"+«»-o_ Similarly, if fib = 0, 
set f^ib(St"-) = 0. Otherwise, set f^{b(E)t"■) = f^bm'^-^'-° . This should be regarded 
as the crystal analogue of the passage from a Uq-module to a U^-module V 
rcf.lTHl. 

3. General properties of z-crystal bases 

3.1. Let M be an integrable Ug or U^-module of type 1. Fix i G I and let u 
be a weight vector of M of weight v. Then u can be written uniquely as 

E ^^'^'^^ (3.1) 

s>max{0,-aj'(i')} 

where G keri^^ n M^j^g^i and = for s » 0. The crystal operators of 
Kashiwara are defined as 

E Ff^^s, hu^ E fI'^'^Us. (3.2) 

s>inax{l, — s>inax{0,~a^ (i^) } 

Observe that, since M is integrable, the operators e^, are locally nilpotent. 

Definition (cf. 5, 4.8]). Let z G . A z-crystal basis of M is a pair {L,B), 
where L is a free ^-submodule of M and B is a basis of C-vector space L/qL such 
that 

(i) M^L(»AC{q). 

(ii) L = Q^Lx,B = Ua Bx, where Lx = Ln Ah and B^ = B D {Lx/qLx). 
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(iii) L is preserved by the operators e^, fi for all i ^ I. In particular, e^, fi act 
on L/qL. 

(iv) i,B, f^B C z^-^- ^B U {0}, for all i G /. 

(v) For all b,b' eB,ie T, i,h = z^'^^-of if and only if f^b' = z-'^'-^b. 

For z = 1 the above definition reduces to Kashiwara's definition of crystal bases 
(cf. for example 

Let (L, B) be a z-crystal basis of an integrable or Ug-module M . Given b G B, 
let ei{b) (respectively, fi{b)) be the minimal non-negative integer n such that e^~^^b 
(respectively, f^^'^b) equals zero modulo qL. These are well-defined since e^, fi are 
locally nilpotent. Furthermore, if 6 G Sa, set wlb — \. 

We will need the following simple modification of 24, Lemma 20.1.2] (cf. [SJ 
Lemma 4.8]). 

Lemma. Fix i £ I. Let u ^ L\ and write u = X]s>max{o -a^iu)} -^i^'*"* '^^ l^B- 
Then 

(i) F'^^'^u, e L for aUr,s>0. 

(ii) // u (mod qL) G -B then there exists Sg sitc/i that Ug G (/i, s 7^ Sq, 
(mod gi) G z'^^'-«B and u = Ft^o^Us;,. 

Proof. The proof is an obvious modification of that of Lemma 20.1.2 in □ 

3.2. Let (L, B) be a z-crystal basis of an integrable Ug or Ug-module M . 
It follows immediately from Definition 13 . II that the set B = IJrez ^ normal 
crystal. Define an equivalence relation on B by setting b b' if and only if 6 = z'^b' 
for some r G Z. Then B/ identifies with i? as a set. 

Lemma. The set Bj is a normal crystal with respect to the operators Ci, fi, Si, 
ifi, z G / and wt. 

Proof. Immediate. □ 
We call B/ the crystal associated with B. 

3.3. The following proposition justifies the definition of z-crystal bases. 

Proposition. Let M be a finite- dimensional XJq-module and assume that M' = 
4>*zM is not isomorphic to M. Suppose that M admits a crystal basis (L,B). 
Then {L',B') where L' = (j)lL, B' ~ (f>lB C L'/qL' is a z-crystal basis of M' . 
Moreover, i/61,62 G B such that 6961 = 62 o^nd b'i,b'2 are their images in B' then 
eo&'i = zb'2. 

Proof. Since M = M' as U^'"-module, it is sufficient to verify (iii)-(v) for i — 0. 

Let u G be a weight vector and let Us, s > be as in H3.1|l . Set u' = 4>lu. 
Then 

s>max{0, — ttp (i^)} s>max{0, — cJq (i^)} 

where u'^ — z'^cff^Ug. This provides the unique decomposition of the form 
for u' G L'. Then 

m^u)= E z^-'Ft'^<t>l{us) = z-^ E Ft^'^u'^^z-^-e^u'. 

s>max{l, — (t')} s>max{l, — Qq (i^)} 



PATH MODEL FOR QUANTUM LOOP MODULES 



9 



Since cqu G L, it follows that eou' = z<pl{eou) G L' . Similarly, fou' — z^^(j>l{fQu) G 
L'. Since Us E L for all s > by Lemma rOT i). it follows that u'^ G L' for all s > 0. 

Furthermore, suppose that b = u (mod qL) G B. Then by Lemma |3.ir ii) there 
exists So such that Ug G qL, s ^ sq, Ugg (mod qL) G z^B and b = Fq^'^'^Uso 
(mod qL). Moreover, cqB — _Fg''"^^''us(, (mod qL), f^b — Fq^°'^^\so (mod qL). 
Let b' ~ (filb = <j>lu (mod qL') G B' . It follows immediately that egfe' = Z(/'*(eou) 
(mod qU) G z^B' U {0}, fob' = ^-^^(/ow) (mod gi') G z^B' U {0}. 

Finally, suppose that eob — bi ^ B and let b'l = Then, as above, e^b' = 

On the other hand, b'^ = z""-^ F^''°-^'> (j)l{usa) {mod qL'), whence fob'^ ^ 
z"''-1f(''«)0*(u,J = z-ifo'. □ 



Remark. Similarly, one can prove that if {L, B) is a z-crystal basis of M and 0*M 
is not isomorphic to M then ((/)*i, i^^-B) is a z-crystal basis of (p^M. Moreover, 
if eob = z^bi for some b,bi € B and b', b'l denote their images in 0*i3 then eob' = 
z''+%. 

3.4. The following Lemma is rather standard (cf. J4„ Corollary 17.4.2]). We 
deem it necessary to present its proof here since the argument in |24| is based on 
the use of Kashiwara's bilinear form and cannot be modified for z-crystal bases. 

Lemma. Let Mi, i — 1,2 be finite dimensional \Jq{sl2) modules of type 1 and 
fix Vi, i — 1,2 such that Kvi = q^^Vi, ti > and Evi = 0. Let Ci be the A-module 
generated by the F^''\i, < s < ti. Then 

(i) C := Ci<S>y{C2 is preserved by the operators e, f acting on the module Mi®M2. 

(ii) There exist unique, up to multiplication by an element ofl-\-qA, G keri?n£, 
< r < min{ii,i2} such that Ur ^ qC, Kur = g*^"'"*^"^'"?/^, C is a direct 
sum of A-modules generated by F^^'^Ur, < b < ti + t2 — r + 1 and for 
all < Si < ti, i = 1,2, there exists a unique s, < s < min{fi,t2} such 
that Ft'i'ui ® Ft'^'wa = F^^i+^^-^^u^ (mod qC). 

(iii) For all < Si < ti, 

e{F^'^^vi ® F'^'^'>V2) = F^'^-'^hi ® F^'^'>V2 (mod qC), ti > si + S2 

i{F^'^^vi ® F'^^^'>V2) = F^'^^vi ® F(''^-i)i>2 (mod qC), ii < si + S2 

f{F'''^\i(^F'''^K2)^ F'^''+'^'^vi(^F'''^\2 (laod qC), ti > si + S2 

/(F^^i^wi ® F("^)v2) = F^^i'wi ® F("^+i)w2 (mod qC), ii < Si + S2, 

where — if s <0. 

Proof. Let V{n), n > denote the unique {n + l)-dimensional simple Ug(s[2) 
module. It is sufficient to prove the Lemma for Mi = V{ti). The argument is by 
induction on ti and is rather standard. 

1? Suppose first that <i = 0. Then F'-'\viiEiV2) = vi<^F'-''h2 and E{vii»V2) = 0. 
The proposition is then trivial. 

2°. Suppose that t\ = 1 and set uo = vi®v\, 

Ui^Vi® FV2 - g*^ [t2]qFvi (g)V2 = Vi(g) FV2 - q TT- ^ '"•2- 

1 — 
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Then uq, ui generate ker£' n C and ui — vi Fv2 (mod qC). Furthermore, 

F'^''^Uo = qSi F('')w2 + Fvi ® F'-''~'^^V2 (3.3) 

1 _ „2(6+l) „2t2-6 _ „h 

= ^- vi ® F(''+i)t-2 + q ^Fvi ® F('>\2. (3.4) 

1 — (7^ 1 — 

where we used (|2.2|l . Since F^''^V2 = if 6 > t2, it follows immediately that 
F^^'^uo, F^''^ui G C for all 5 > 0. Moreover, by the above formulae, vi ® F^''^V2 — 
(mod qC) whilst i^wi F^^'-^'wa = F'^^mo (mod g£), 6 > 0. It follows 
that the matrix of F^'''>uo, F^^^i^ui in the basis of Fvi ® F^''~'^'>V2, vi F^''^V2 
is diagonal and its diagonal entries equal 1 (mod qA). Therefore, that matrix is 
invertible over A and so the F^^'^mo, F^^'^^'^ui and Fvi F''''-'^^V2, wi ® F^^'^ua 
generate the same ^-module which completes the proof of (ii) . 

Since Euq = 0, it follows that e{vi V2) — 0. On the other hand, f{vi V2) = 
Fuq = Fvi (8) V2 (mod qC) , which agrees with the formulae in (iii) . 

Suppose now that 6 > 0. By the above, F^^^wi ® F'^''^'''>V2 = XsF'^'''>uo + 
ysF^^~^">ui, where Xs G Sg.i + qA, Hs G ^sfi + qA. Then, by definition of Kashiwara's 
operators, 

g(F(")wi ® f'^^-'K2) = XsF^^-^\o + ysF^'^-^^ui, 
In particular, e preserves £. If s = then the above expression equals F^''~'^'>ui 
(mod qjC) = vi ®F^^~^'>V2 (mod qC) provided that b>2 (and so si + S2 — b> ti), 
which agrees with the formulae in (iii). If 6 = 1 (that is, Si + S2 < ^i), e{vi®Fv2) = 
XsUq — (mod qC) as expected. Similarly, if s = 1, we get 

e{Fvi ® F'-''-^\2) = F(''^i)mo (mod g/:) = Fvi (g) F^^'-^'dz (mod qC), 

as desired. The formulae for the action of / are proved similarly. 

3? Suppose that (i)-(iii) are proved for all ti < t, t > 0. It is well-known 
(cf., for example, 4.3]) that V{t + 1) can be realised as a simple submod- 
ule of V{1) (8) V{t) generated by the tensor product of the corresponding highest 
weight vectors. Thus, we can write vi from the assertion of the Lemma as ® v'l, 
where Ev[ = Ev'{ = 0, F^v'{ ^ 0, F*+^v[ = 0. Let C be the Amodule gen- 
erated by the F'-'^^^v[ (g) F^*^)^^ and denote by u^, < r < min{i,t2} the ele- 
ments of kerFn£' satisfying Ku',. = q*~^*^~^'^u'^ given by the induction hypothesis. 
Let C" = Av'{ + AFv'{. It follows from that the Amodule C generated by 
the F^^i^wi (g) F(^2)w2 is an Asubmodule of C" ®^ 

By the induction hypothesis, £,' = 0^ (^®b^^^''^^'rj ■ Applying the second 
part of the proof to £" (g)^ ©^^FC'^u;, < r < min{i,t2}, we conclude that e, 
/ preserve C" (E)a ■ Since L is contained in the intersection of Z" ®a with a 
submodule of V{\) ® ^(^) ® ^(^2), it follows that e, / preserve L. 

The next step is to prove the formulae in (iii). Since e, / preserve we can do 
all the computations modulo qC. 

Consider first v\ ®F'^^'^^V2 = (gwj ® "2, S2 < ^2- By the induction hypoth- 
esis, (g)F(''^)w2 = F(*^~*)m^ (mod qCJ^ for some < s < min{i,t2}. Suppose first 
that S2 < t. Then e(v'-y ® F^''^'>V2) = (mod qC) = F^^^-s-i)^'^ ^^^e induction 
hypothesis, whence S2 = s. It follows that e{vi'SiF^'^^^V2) — e(vi®u'^^) (mod qC) — 
0, as desired. Suppose that S2 = t + k,k>Q. Then v[ ® F^''^'^V2 = f^{v[ ® F(*)w2) 
(mod qC) = F'^'^^Uf (mod qC) by the induction hypothesis. Then e(t)i(giF(''2)^2) = 
e(z)" (gF^'^^uJ) (mod qC). By the first part of the proof, the latter expression equals 
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zero if fc 1 (that is, S2 = t + 1) and v'l ® i^C'^i^uJ = wi «) F'-''^-^">V2 (mod qC) 
if fc > 1 (that is, S2 > t + 1). Both agree with the formulae in (iii). 

It follows from that F^'^^vi = Fv'{(S)F^'^~-^'>v[ (mod q{C" (g)AC')), < si < 
t + 1. Suppose first that S2 < t. Then f{v'{ (g) u'^J = Fv'{ ® u'^^ (mod g£) = Fv'l (g) 

(g) F'-'^^'>V2 — Fvi (g) F*^*2^i'2 (mod with agrees with (iii). Similarly, if S2 > t, 
f{vi g) ^("2)1,2) = f{v'l g) ^("2-*)?/^) (mod g/:) = v'{ ® Ft'^-'+i'uJ (mod qC) by 
the second part of the proof. Thus, f{vi (g F'^'^'^^V2) = f 1 (g F*^*2+"'^-'w2 (mod qC) as 
desired. 

Consider now F'^^^^vi ® F''^^^V2 with < si < t + 1. Using the induction 
hypothesis, we get 

e{F^'^'^vi ® F^'^'>V2) = e{Fv'l ® F^''^-^'^v[ (g F^^'^^ws) (mod qC) 
= g(i^<(gi^("i+''^-''-i)0 (modg/:) 

for some s, < s < min{i,t2}- Suppose first that si + S2 — s < 1. Then, by the 
second part of the proof, 

i{Fv'l ® F^'^+'^-'-^^u'J = v'l ® i^(-i+«2-s~i)y'^ (j^od 

Yet S1 + S2 — s > 1, hence F^^'i^-^^w^ (gi^(*2)t)2 = Usi+sa-i (mod (?£')• In particular, 
e{F^'^-^'>v[ (g F(''2)w2) = (mod g/:')- Suppose that si + S2 < < + 1. Then, by the 
induction hypothesis = e{F^''^'^')v[ (g F(*=)w2) = (g, i^(s2)„2 (mod qC). 

We conclude that si — 1. Thus 

e(F(''i)wi (gF^^'^^wz) = < ® (gF(^"^W2 (mod g/:) wi ® F(''^)w2 (mod g/:), 

which agrees with the formulae in (iii). On the other hand, if si + S2 > t + 1, 
then, by the induction hypothesis, e{F^^^-'^h[<^ F'^''^h2) = F^''^-^^v[iEi F^''^^'^^V2, 
whence S2 = and si > t + I which is a contradiction. 

Finally, assume that si + S2 — s > 1. Then, by the second part of the proof, 
e(F< (g) f(''i+«2-«-i)u'J = Fv'{ (g (mod qC). Yet, by the induc- 

tion hypothesis, ^ i(F^''^-'^^v[ (g F^'^^) (mod qC). The latter 

expression equals modulo qC', by the induction hypothesis, F^-^^~'^\'i g) ^'"^'112 
if si + S2 - 1 < t and ^("1^1)1;; (g ^("2-1)^2 otherwise. Thus, 

eiF^'^^vi (g F("^)w2) - Fv'l (g f("i-2+/=)^/ ^ j^(*-2-fc)„2 (mod qC) 

= (g F("'2-'=)w2 (mod g/:), 

where fc equals zero if si + S2 < < + 1 and 1 otherwise. That proves the first two 
formulae in (iii). In order to prove the last two formulae, observe that, since si + 
S2 - s > 1, /(F< (g f("i+''2-''-i)0 = Fv'{ g) F'^'^+'^-'Iu', (mod qjC) = Fv'( (g 
f{F^^^-^)v[®F^'^'^V2) {mod qC). It remains to apply the induction hypothesis. 
The last step is to prove (ii). Set, for < r < min{f + 1, 12], 

r 

a=0 

where Cr,o — 1 and, for 1 < a < r, 
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Then Eur = and Kur = ^^Ur. Evidently, Ur £ C and Ur — vi F'^^'>V2 

(mod qC). We claim that, for all < si < t + 1, < S2 < i2 there exist a unique 
< s < mm{t + 1,^2} such that P'-^^'hi F'^''^^V2 = f'^+'^'^'us (mod qC) ^ 
p(si+s2-s)^^ (mod qC). Evidently, (ii) follows immediately from the claim. 

In order to prove the claim, observe first that vi <Si F^'^^'>V2 — Ug^ (mod qC), 
< min{t + l,t2}- If ^2 < i + 1 that gives vi (g) F^''^'>V2 for all < S2 < t2. 
Otherwise, by (iii), /''{vi ® F(*+i)w2) = vi (g) f(*+'=+i)w2 (mod qC). Thus, vi (g) 
F^'^^V2 = /"^~*"iut+i, S2 > t + 1. Consider further F^'i^wi Ft'^^-wz, si > 0. 
We use induction on si. If si + S2 < t + I then we have, by (iii), F'^'^^+^'wi (g) 

= /(Ft'i'wigjF^^^^Dz (mod g/:) = /"i+^^-s+iy^ (j^od where s is such 
that F^^i^wi (g) ^("2)^,2 = fsi+s2-s^^ (-jjjQjj Finally, suppose that si + S2 = 

< + l + k>0. We may assume that si < t+1 for otherwise F^-'i+^^ui ~ 0. Set Z = 
t+l-si > 0. Then §2 = /c + / > I and i^("i)t>i (gF('-i)w2 = (mod g/:) 

by the induction hypothesis. Using (iii) repeatedly we conclude that (g 

= /''2-'+2(F(''i)t;i(gF('"i)z;2) (mod g£) = /"i+^^-^+i^^ (^^od g/I), which 
completes the proof of the claim. □ 



3.5. Let Mi, i — 1, 2 be finite dimensional U^-modules or admissible integrable 
Uq-modules. Suppose that Mi admits a crystal basis (Li, Bi) and that M2 admits 
a z-crystal basis (L2, B2) for some z € . 

Proposition. The pair {L, B), where L = Li (g^ L2 and B = {bi (g 62 : hi E Bi}, 
is a z-crystal basis of Mi g) M2. Moreover, for all hi S Bi, i = 1,2 



ei{bi g) 62) = 
h{hi®b2) = 



6,618)62, </?j(6i) > £4(62) 

^61 g) 6^62, fi{bi) < £^(62) 

/i6i g) 62, ifiibi) > £^(62) 

61 g) /i62, (/5i(6i) < £^(62). 



Proof. The proof is essentially the same as that of [2^1 Theorem 20.2.2]. We only 
have to verify the properties of a z-crystal basis for i = 0. Set 

G- := {w e ii : Kqv = gg''^, i^ow = 0, v e Bi (mod gLi)}. 

Then, by Lemma Lemma [3.11 Fq^^^'vi e Bi (mod gii) for all vi G G^^ and < 
Si < ti and all elements of Bi are obtained that way. Similarly, for all V2 & G*2 

and < §2 < ^2 there exists r — r{v2, S2) G Z such that z^Fq'^^\2 G B2 (mod 9X2) 
and all elements of B2 are obtained that way. Since the weight spaces of Mi, i = 1,2 
are finite-dimensional, it follows by Nakayama's Lemma that the .A-module Li is 

(s ■) t 

generated over A by the Fq ''vi, Vi G Gj% < Si < ti. Therefore, L is generated 
over A by the fI^''^\iiSiF^''^\2, G G*% < < ti, i ^ 1,2. Using LemmalT¥iii) 
we conclude that gq, /o map the generators of the ^-module L into L and hence 
act on L. The rest of the properties of a z-crystal basis and Kashiwara's tensor 
product rule follows readily from Lcmma l3.4r iii). □ 

3.6. Let be a finite-dimensional simple U^-module and assume that V admits 
a z-crystal basis {L,B) for some z G C^. Let V be as in 12.41 
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Lemma. Set L = L ®^ A[t, t-^], B = {b®f : b e B, r e Z}. Then (L, B) is a 
z-crystal basis of the \Jq-module V . Moreover, for all b Cz B , r Cz Z, 

h{h <E) f) = (eib) ® (mod qL), f,{b ® f) = (0) ® (mod qL). 

In other words, the associated crystal of B is the affinisation of the associated crystal 
of B in the sense of the definition given in \2.fA 

Proof. Take u G L of weight A and write u = X]s>max{o -a'{X)} ^/''^"s ^ ^6.1\ . 
Evidently, 

s>inax{0, — (-^)} 

which is the decomposition H3.1|l for u®V. Then by the definition of Kashiwara's 
operators, 

h{u ®e)= J2 P^ ^''\^s ® t^+''"'>) 

s>max{l,-ay(A)} 

s>max{l,-ay(A)} 

s>max{0,-a^(A)} 

s>inax{0, — (-^)} 

The assertion foUows immediately from the above formulae and the properties of a 
z-crystal basis. □ 



4. Quantum loop modules and their z-crystal bases 

4.1. Let 7r° be an ^-tuple of polynomials over C{q) with constant term 1 and 
suppose that 7r°(zu) 7^ 7r"(u), z G as a set of polynomials. Given ^-tuples of 
polynomials tt = (7ri)ig/, tt' = (7r-)ie/ set tttt' = (7ri7r-)iG/- 

Retain the notations of 12. 71 and suppose that the finite dimensional U^-module 
V{tt°) admits a crystal basis (L(7r°), i?(7r")). Fix m G N which does not exceed 
the multiplicative order of z and set tt = tt^tt^ • ■ • 7r°„,_i. Then V{Tr) is isomorphic 
to V{tv°) (8) V{tv°) ® • • • ® y(7r°„_i) by |4|. Furthermore, set L{tv) -L(7r°) (g)^ 
0*L(7r'')®^- • •(8'yi0*m_iL(7r°) and define B{tt) accordingly. Since (/)* is the identity 
map on the level of vector spaces, B{it) identifies with 5(77")®™ = {bi <S> ■ ■ ■ ^bm ■ 
b, G S(7r0)}. 

Proposition. The pair (L{tv), B(tv)) is a z-crystal basis ofV{Tv). Moreover, for 
all 61,..., 6™ G B{tt°), 

61(61 (g) • ■ • ® bm) = Z^'^^ 5i ® • • • br-1 (g) Cibr 5^+1 (X" • • • (gl 6m 

/j(5i ® • • • ® 6m) = z^^'+^^i ® • • • ® 6s-i ® e^fes ® fes+i (Ki • • • (8i 6™, 

where r and s are determined by Kashiwara 's tensor product rule. In particular, 
the associated crystal of B[tt) is isomorphic to B{'k'^)®"^ . 
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Proof. The proof is by induction on ?7i, the induction base being trivial. Recall 
that V{tt°) = 0:^(71-0). Set 14 = V{tz") (g> V{n°) ^ ■ ■ ■ (g> V{7z%_^), k > 
and define Lfc, Bk accordingly. Suppose that {Lk,Bk) is a ^-crystal basis for Vk- 
Then Vk+i = Vi (g) 0*14 and {(f>*Lk, (l)lBk) is a z-crystal basis of 14 by Remark 1^ 
Then (Li ig) (plLk, Bi ^ (j^lBk) = {Lk+i, Bk+i) is a z-crystal basis of 14 by Propo- 
sition The formulae follow immediately from these in Proposition 13. 51 □ 

4.2. Let C be an mth primitive root of unity. Let 7r° be a tuple of polyno- 
mials such that 7r°(CM) ^ 7r°(u) as a set of polynomials. Fix an Z-highest weight 
vector v-j^a in VItt'^) and write v-j^o — (p^VT^o. Let V{tt) = V{7t'^) ® l^l^f^) ^ 
• ■ ■ ® l^(7r°„_i) and set vj^ — v-^a ® v^o_ ® ■ ■ ■ ® Vj^o ^ . By g], ^(Tr) is a simple 
Uq-module and there exists a unique isomorphism of Uq-modules 

T : V{tv) y(7r°„-i) ® V{n°) (g) V{tt°^) ■■■(g) y(7r°,„-2) 
which maps v-n; to the corresponding permuted tensor product of the v^^o . De- 
fine : V{tz) V{tt) by rj :— (0^)'^'" o t. Then, for all x € XJq homogeneous of 
degree k and for all v G V{tt) we have i]{xv) — <^^^xri(y) (cf. [51 Lemma 2.6]). In 
particular, since ri[vT^) = Vtz, we conclude that 

ni—l 

V{tv) = ^(Tr)^^), where ^(Tr)^^) {v e V{tv) : i^{v) = C'"'"}- 

k=0 

Define f} : V(7v) V{7t) by ^{v ® f) = Cr?(w) ® Then fj e End^^ y(7r) 

(cf. Lemma 2.7]). Moreover, by Lemma 2.8], F(7r) is a direct sum of simple 
Uq-submodules V{Tr)^'^\ r = 0, . . . ,to — 1 which are in turn the eigenspaces of rj 
corresponding to the eigenvalues . Observe also that V{'kY^^ is spanned by v^f^, 
where v S V{tv)^''\ k — r — s (mod m). By 5, Theorem 5], all simple integrable 
admissible Uq-modules of level zero are obtained that way. 

4.3. Following 5, 4.3], set, for aU v G V{tt), r, .s e Z 

-. m— 1 

m ^ — ' 

j=o 

By pi Lemma 4.3], lis (respectively, lis) is an orthogonal projector onto V^tvY^") 
(respectively, onto l/(7r)(*)). Moreover, if a; e Ug is homogeneous of degree fc, then 

-. rn—l 

Us(xv) = - y C'^'^'^'^XTj^v) = xUs+k{v)- (4.1) 

The map lis is obviously a homomorphism of Ug-modules. 

In the reminder of this section we will prove that l^(7r)'^'") admits a ^-crystal 
basis provided that V{tt'^) admits a crystal basis. 

4.4. Suppose that l^(7r") is a "good" Uq-module (we refer the reader to ^1 
Sect. 8] for the precise definition). In particular, l^(7r") admits a crystal ba- 
sis (L(7r"), B(7r")) and B(7r°)®'" is indecomposable as a crystal for all m > 0. It 
is proved in 18, Proposition 5.15] that the module ^(-CLTj.i) corresponding to tt'^ ~ 

— (tti, . . . jTTg), wherc 7rj(u) = Sij{l — u), is good. 
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Let zi,22 e C^. Let r^^^^^ be the isomorphism V{ttU ® ^ ® 

y(7r°j^) normahzed so that it preserves the tensor product of highest weight vec- 
tors. By |E1 Proposition 9.3], Tz^^z^ maps (/)*^L(7r°) ®^ (j)l^L{-K^) into (pl^L{Tv°) (g) 
0*^1/(77"). Moreover, there is a unique map x ■ i3(7r°)'^-^ Z such that 

r.,Mbi ® &2) - (zi/22)^'''^®'^'foi ® ^2 (mod g(0:^L(7rO) ®_4 0:^L(7r"))). 

and x{bw° ® ^tt") — where b-j^o G S(7r°) is the ^-highest weight vector. 

Lemma. Let 6i, 62 G '^'^'^ suppose that fi{bi (g) 62) 7^ 0. T/ien 



x(&i 62) + (5i,o, </'j(&i) > ei(&2) 

X(&1 «) &2) - (^i^o, V'il^l) < £i(^2)- 



Similarly, if ei{bi ® 62) 7^ 0, then 

X(^i <8) 62) - <5i,o, </Ji(&i) > ei(62) 

X(^'i (?) 62) + <5i,o, ipi{bi) < ei{b2). 



X{er{bi^b2)) 



Proof. Observe that fi commutes with r^^^zj. Indeed, given u e V{tt^^) ® V{tv^^), 



write, as in (|3.1I) . u = ^/'^'''"s- Since Tzi.za is an isomorphism of Ug-modules, 
Tzi,z2ifiu) = J2s^t^^'''''zuz2iu.s)- On the other hand, r^^^z^ commutes with Ei, 
Kf'^, hence Tz^.z2{h-s) has the same weight as Ug and is annihilated by E^. It follows 
that T'zi^z2(''^) — X^s ^/"^ ''"21-22 (''^s) is the unique decomposition of the form H3.1|l . 
Therefore, jiTz^,z2{u) = Yjs^i''^^^ '^^u^2ius) = Tzi,z2 (/iw)- 

It is sufficient to prove the formula for x(/i(^i<^^2)) since the formula for x{^i{bi'^ 
&2)) follows from that one by the properties of crystals. Suppose that (pi{bi) > 

£^(62), the other case being similar. Then /i(&i®62) = '''''Vi&i '8)&2 by Lemma lS751 
and Proposition 13. 51 Therefore, 

Tz,Mibi<E>b2)) = z-'''°(zi/z2)>^(/-''^®^^'/.6i «.62. 
On the other hand, 

krzuz2{bi®b2)) = {z^lz2Y^'"®''-h.-'''°lM®b2. 

Since fi commutes with Tzj.za it follows that xihbi ® ^2) = x(^i ® ^2) + ^ifi- D 

The map x : -B(7r")®^ ^ Z is called the energy function. 

4.5. Retain the notations of l4.2l Using the isomorphism Tzi,z2j we can write r 



as 



where 

Take some bi, . . . ,bm 6 B{tt°) and consider 6 = 61 (g) • ■ • ® e B{tv). Then 
where x : ^(tt*^)®^ Z is the energy function and 

m — 1 

Maj^(6) = rx{br®br+i) 

r=l 
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is the generahsed major index of MacMahon. Indeed, in the case of g of type Ai 
and 7r° = 'c^7i-i, there exists a total order on -B(7r'^) such that, for all b, b' e B{tt'^), 
X{b (g) &') = if 6 > 6' whilst x(& ® b') = 1 if b < b' (cf. HH). Thus, in that 
case Maj^{b) is just the usual major index of MacMahon for a word in a monoid 
over a completely ordered alphabet. 

Lemma. Let ^(Tr)''^' be the eigenspace of?] corresponding to the eigenvalue C''. 
Set L(7r)('=) := L{tt) D V(7vY''\ B(7r)W := {b G B{tt) : Maj^(fe) = k (mod m)}. 
Then 

(i) ^(Tr)^^) is a free A-module, ^(Tr)^^) = ^(Tr)^^) (E)a C{q) and ^(Tr)^^) is a basis 
of the C-vector space L{-k)^''^ / qL[-K)'^^\ 

(ii) Letu e L(7r)W and write u = J2s K^^'^'^s as m lEH. Then Us E L{-k)^'^-''^^-°\ 
e,u e L(7r)('=-'^-.«) and fiU e L(7r)('=+^'.o) . 

(iii) Suppose that b G B{tvY''\ Then 

e,b e (Z<5.,o5(^)(fe-<5.,o) y {0}^ £ ^Z5.,o5(^)(fe+5..o) u {0}. 

Proof. Take m G L{tt) such that u = b (mod qL{7T)). Since L{7t) is a free module 
and B{tt) is a basis of L{tt) / qL{-K) , such m generate i(7r) as an ^-module by 
Nakayama's Lemma. Then, since 77 maps L['k) into itself, 

_j m— 1 

n,(M) = - y ^KMaj^lb)-.)^ ^^qJ gL(7r)). 

It follows that ns(u) = b (mod qL{Tv)) if ,s = Maj^(6) (mod m) whilst ns(7i) 
(mod qL{'K)) otherwise. 

Since lik is an orthogonal projector onto y(7r)('^' and maps L{-k) into itself, 
it follows that ^(Tr)^^) = nfc(L(7r)). Then BiTtf"^ is a basis of L{tt)^''^ /qL{n)'-''\ 
Indeed, elements of B{-kY^^ are contained in L(tt)'^^^ /qL(-KY'^^ by the above and are 
linearly independent, whence dime L{ttY'''^ /qLiir)'-''^ > H=B{t^Y^\ Yet, #B(7r) = 
Y.t=o ^BiT^Y"^ < Ero'dimci(7r)WM(7r)('=) = dime £(7r)M(7r) = #S(7r). 
It follows that dimci(7r)('=Vgi(7r)(''^ = #B{nY''\ Then L(7r)(''') is generated by 
the Ilk{u), u = b (mod qL{TT)), with Maj^(6) = fc by Nakayama's Lemma. 

For the second part, suppose that u G L{-kY^\ Then by (|4.1|l . 

u = nfc(7/) = ^nfc(Ff ^M,) - 'nfc_,5,,o(u.). 

Since Ki commutes with the 11^ and £'^11^.(115) = ^{EiUr) = it follows 

that T\]^_gSi o{us) is of the same weight as Ug and is annihilated by Then 
Us — Wk-sSi o(^s) by the uniqueness of the decomposition (|3.1|) . Furthermore, 

s s 

It remains to observe that T\^_(^g_i)s. g{us) ~ unless r = k — Si^. The proof for fi 
is similar. 

The last part follows immediately from (i), (ii) and the properties of the z-crystal 
basis. However, we prefer to present a direct proof since it involves a property 
of Maj^ which we will need later. Evidently, it is enough to prove the statement 

for fi. Write b — bi ^ ■ ■ ■ b,n, bi G B{tv°) and suppose that fib ^ 0. Then fib = 



PATH MODEL FOR QUANTUM LOOP MODULES 



17 



C '''^^^i (g) • • • ® fibs (g) • • ■ (g) 6m for some 1 < s < m. Suppose first tfiat 1 < s < to. 
Tfien 

Maj^(/,6) - Maj^(6) = (s - l)(x(6.-i ® - xl^'s-i 6.)) 
+ sixifibs <S> bs+i) - x{bs bs+i)) 
= -{s - l)5j,o + s(5i,o = Si^o, 

where we used Lemma 14.41 Finally, if s = to, then 

Maj^(/,fe) - Maj^(6) = (to - l)(x(6m-i ® /»fo„0 - x{bm-i ® 6m)) 

= — (m — l)(5i^o ~ ^i,o (mod to). □ 

4.6. Retain the notations of 14.11 01 andl4.5l 

Theorem. Suppose that V{n'^) is a good module and let {L{7r'^), B{tt'^)) be its 
crystal basis. Set tt — tz^tt'^ ■ ■ ■ 7r^„,_i, where ^ is an mth primitive root of unity, 

and define L{n), B{'k) as in 14. II The simple submodule V{'7t)'^^\ fc = 0, . . . , to — 1 
of Viiv) admits a ^-crystal base {L{-k)'^^\ B{'k)'^^^)^ where 

L(7r) W - nfci(7r) = L(7r)(^) ® t\ 

reZ, 0<s<m-l 
r+s— A: (mod m) 

B(7r)('^) = {6 ® r : be S(7r)("\ r e Z, r + .s = fc (mod to)} 
Proof. This follows immediately from Lemma 13.61 and Lemma 14.51 □ 

Our Theorem ^ is a particular case of the above statement since, as shown 
in ^2], the module V^(7r°) with 7r° = zoi-i satisfies all the required conditions and 
the corresponding tt obviously coincides with vj^m- 

5. Path model for z-crystal bases of quantum loop modules 

In the present section we will construct a combinatorial model, in the framework 
of Littelmann's path crystal, of z-crystal bases of simple components of quantum 
loop modules of fundamental type. The necessary facts about Littelmann's path 
crystal will be reviewed as the need arises. Throughout this section we identify P 
with P/Z5. 

5.1. Given a,6 e Q, a < 6, set \a,b] {x G Q | a < a; < h}. Let P (respec- 
tively, P) be the set of piece-wise linear continuous paths in P 0z Q (respectively, 
in P (gz Q) starting at zero and terminating at an element of P (respectively, P). 
In other words, tt g P (respectively P) is a piece- wise linear continuous map of [0, 1] 
into P (EDz Q (respectively, into P (gz Q) such that 7r(0) = and 7r(l) e P (respec- 
tively, P). We consider two paths as identical if they coincide up to a continuous 
piece- wise linear non-decreasing reparametrisation. 

After Littelmann (cf. |^|221) one can introduce a structure of a normal crystal 
on P or on P in the following way. Given tt G P or P and i G /, set /i^(t) = 
— a}^(7r(T)), T G [0,1]. Let £i(7r) be the maximal integral value attained by h\ 
on [0,1]. Furthermore, set e!|_(7r) = min{r G [0,1] : hl^ir) — £i(7r)}. If £i(7r) = 
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then set eiir = 0. Otherwise, set e!_(7r) = maxfr e [0, e^(T)] : /i^(t) — £i(7r) — 1} 
and define 

r^(T), Te[0,eL(7r)] 
(e.7r)(r) = I ^(eL(7r)) + s,(^(t) - 7r(eL W)), r G [eL(7r),eVW] 
[^T{T)+a^, T e [e!^(7r),l], 

where Sj acts point- wise. Similarly, in order to define fi, let /+(7r) = maxfr G 
[0, 1] : hiir) = Eiir)}. If /;(7r) = 1, set f^n = 0. Otherwise, set /i(7r) = min{T G 
[fliir), 1] : /^j,(T) = - 1} and define 

f^W, TG[0,/;(7r)] 
(/^TTjCr) = <^ 7r(/;W) + s,(7r(r) r G 

TG [/l(7r),l]. 

Finally, wtTr is defined as the endpoint 7r(l) of tt. 

Remark. As in we use the definition of crystal operations on P given in [201 
6.4.4] which differs by the sign of h]^ from the definition in [211 1.2]. That choice 
is more convenient for us since it makes the comparison with Kashiwara's tensor 
product easier. 

5.2. Following 22, Theorem 8.1], one can introduce an action of the Weyl 
group on P and P. Namely, given tt G P or P, set 

[e, "n, < (7r(l)) < 0. 

Given A G P or P, denote by Tr\ the linear path r tA. One can easily see from 
the definitions in lS.ll that ei{Tr\) — max{0, —a^{X)} and (pi{TT\) — max{0, a^(A)}. 

Lemma. For all X E P or P, Siirx = tt^^a- In particular, if B is a subcrystal o/P 
or P and ttx £ B for some A G P or P then n.^x G B for all w £ W . 

Proof. The second assertion is an immediate corollary of the first one which in turn 
follows from the formulae 

(s,Xt, T G [0, ^fpr] 

/r^A= ; J ' 0<n<ar(A) 

[Xr-na,, tg[^,1] 

'At, t G [0,1 



^^'^^ = {..A. + (laV(A)l - . G [1- X''^] ' < " ^ 

These can be deduced easily from the formulae in 15. II bv induction on n. □ 

5.3. Given A G P or P and /i, ly G WX, write, following j^, v > ji if there exist 
a sequence {vq — u^vi, . . . ,Us = /i}, Vi £ P oi P and positive real roots Pi, . . . , (3s 
of g such that 

Vi = spiivi^i), < 0, i = l,...,s. 

li V > let dist(t^, /i) be the maximal length of such a sequence. 



PATH MODEL FOR QUANTUM LOOP MODULES 



19 



Let V = {vi, . . . , Vr} be a sequence of elements of W\ and a = {ao = < ai < 
• • • < a,- = 1} be a sequence of rational numbers. Denote by 7r^,a the piece-wise 
linear path 

7ri.^a(T) = ^(a,j - aj_i)//i + (i - aj_i)j/j, Te[aj_i,aj]. (5.1) 

In other words, it is a concatenation of straight lines joining Xj-i and Xj, j — 
0, . . . ,r, where Xj = Yll=ii<^i - ai-i)vi- 

Definition Fix X £ P or P. A path of the form TTj^^a, where v> = {//i > 

■ ■ ■ > i^r}, Vi & WX and a — {ao = < ai < • • ■ < = 1} is called a Lakshmibai- 
Seshadri (LS) path of class X if, for all 1 < i < r — 1, either Vi ~ Vi+i or there 
exists a sequence Ao,i — Vi > Xi^i > ■ ■ ■ > Xs^i = Vi+i, Xj,i G WX such that 

Xj.i = Sf3.,{Xj^i,i), ail3j,iXj-i^i) e -N, dist(Aj_i,i, Aj,i) = 1, 

for some real positive roots (3j^i. 

It is known (cf. 22, Lemma 4.5]) that an LS-path tt = n^i a of class A is an 
element of P or P and has the integrality property, that is, the maximal value 
attained by the function h^. on [0, 1] is an integer for all i £ I. Moreover, by j22l 
Lemma 4.5] all local maxima of h\ are integers. 

5.4. Given a collection tti, . . . , ttj, of paths in P or P, define their concatenation 
(tti • ■ • (g) 7rfe)(r) = ^ 7r3(l) + 7r((r - (Tj_i)/(crj - crj_i)), t e [(Tj_i, cTj] 

1<S<J 

for some = < oi < ■ ■ ■ < Uk-i < (Jfc = 1, CTj G Q. This definition docs not 
depend on the ctj, up to a reparametrisation. By p2l 2.6], the concatenation of 
paths satisfies Kashiwara's tensor product rule. 

Let TT e P or P be an LS-path and define the path titt by (n7r)(T) = n7r(r), 
T G [0,1]. Evidently, ei{n'K) = nei^ir), ipi{n'K) = nipi{TT), i £ I and wtnTr = 
nwtTT. Let Sn be the map tt h- > m:. Then by j22,. Lemma 2.4], S'„(ei7r) — e^Snij^) 
and 5'„(/i7r) = /"S'„(7r), i £ I. Observe that, for a linear path Tr;^, SniT^x) — T^nX — 
<■ 

5.5. Fix A G P (respectively, A e P) and let P(A,P) (respectively, S(A,P)) be 
the subcrystal of P (respectively, P) generated over the monoid M. (cf. 12. 8|) by the 
linear path tta. Henceforth we write B{X) for i?(A,P). Then by ^HX Corollary 2 of 
Proposition 4.7] all elements of B{X) or i3(A,P) are LS-paths of class A. Suppose 
further that B{X) is a finite set. Then there exists N £ N+ and a = {Q ~ a^ < 
fli < • • ■ < ajsi = 1} such that every element of B[X) can be represented as 7r,y q, for 
some sequence of weights v = {vi > ■ ■ ■ > i^n}- Observe that TTi^'^a'iT) — n^^aiT), 
for all T £ [0, 1], where 

ttj^aj, t^j='^3, J = 0,...,r 

a'j = aj_i , ^-^ = , j = r + 2, . . . , iV + 1 

for any < r < and for any rational x, ar < x < a^+i. Therefore we may 
assume, without loss of generality, that aj — j /N and in that case we omit a. 
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Lemma, (i) SNiT^v) = t^ui ® ■ ■ ■ ® t^v^- In particular, Sn can he viewed as an 
injective map B{X) B{\)^^ . 

(ii) If CiTTi, ^ then ei-K^, = Tr,^' with 

v' = {j/i, . . . , j/fc, s^ivkj^i)-, Si(iyi), vi+i, ■ ■ ■,i^n} 

where k = Ne^_{TTi,) and I = Afe^(7r^). Similarly, ij fii^u ^ then fiT^u = t^u" 
with 

where r = N f^_^{-K^) and s — Nf^{'K^). 

(iii) Let k, I, r and s be as above. Then 

I s 

Proof. Let TT = TTi^. The first part follows immediately from (|5.1(l and l5.4l with Oj = 
j /N, j ~ 0, . . . ,N. In order to prove (iii) observe that, by the choice of a, there 
exist 0<k <1<N such that k/N = e!_(7r) whilst l/N = e!^(7r). Then 



r=k+l 



by (|5.1() . The second formula in (iii) is proved in the same way. Furthermore, 
for T e [{j - 1)/N,j/N] one has by 



(e,7r)(r) = ^Y.''^ + (r - U - ^)/N)i^j, l<j<k 

r—1 

1 

(e,7r)(T) = ^ XI ^'"^ + " " + 'r(fc/iV) - s^TT{k/N) 

r=l 

= J^Y'^'-^ N ^ s,i^r + {T-{j-l)/N)s^iyj, k<j<l 

r—1 r—k-\-l 

1 

(e.7r)(r) = T7 '^'^ + " 0' " + ^ < < ^- 



It is now obvious that (ei7r)(T) = 7r^'(r), < r < Z/A^. Finally, observe that = 

-Jj J2l=k+i ai{'^r)at = w J2l=k+ii^i'^r - Vr) by (iii). Thus, we can write for r G 
[{j-l)/N,:j/N] &nc\l<j<N 

(e»7r)(T) = ^( Y ^r+Y. S,J^r)+{T-{]-l)lNyj=^^,{T). 

l<r<k, k<r<l 
l<r<N 

The second formula in (ii) for the action of fi is proved in a similar way. □ 

5.6. Let ^ : P ^ P be the canonical projection. Define the map S : P P 
by (S7r)(T) = ^{tt{t)), for aU r e [0, 1]. 

Lemma. The map 'E. is a morphism of crystals and S(_B(A,P)) = _B(^(A)). 
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Proof. Since a^((5) = for all i e /, we conclude that h^^{T) — h\{T) for alH e / 
and for all t G [0, 1]. For the same reason, one has S,{si{'rT{T))) — Si((S7r)(T)). It is 
now obvious that S commutes with the operators defined in l5.ll In order to prove 
the second assertion, observe that Stt^ = 7r^(A) ■ D 

5.7. It was shown in |25l Theorem 1.1] that B{wi,V) is isomorphic to the 
crystal basis B{vji-^i) of the simple integrable U^-module V{vJi-i). Thus, for 
all TT G i3(n7j,P) there exists x £ M. such that tt = xn^^. Following 25, 5.3], 
one introduces a translation operator z on B{wi,¥) by ztt — xtTt^.^s. It follows 
that (z7r)(T) = 7r(r) + for aU r e [0, 1]. By jUJ Proposition 5.8], B(wi,P)/ 
where ~ is an equivalence relation on B(wi,¥) defined by tt ~ tt' if and only 
if TT = z'^'tt' for some A: e Z, is a crystal isomorphic to the crystal basis B{-cOi-i) 
of the finite dimensional simple U^-module V{z^i-i). Evidently, B{vDi,F)/ ^ is 
isomorphic to E{B{mi,F)) — B{vji) C P in the notations of l5.6l 

Thus, B{wi) is isomorphic to B{'UJi-^i) as a crystal. In particular, B{zui) is finite, 
B{mi)®"^ is indecomposable as a crystal for all to > (hence B{wi)®'^ = B{mTiii)) 
and there exists a unique map x ■ B{-uji)®'^ — > Z satisfying xC^'roi ® ^^i) — and 
the properties listed in Lemma [4.41 

We will now construct an injective map ip from B(wi)®™- into P. Given an 
arbitrary collection of weights A = {Aq, . . . , Ai^}, where Aq = and A^ S P Q 
or P®z Q, and a collection of rational numbers a — {qq — < ai < ■ ■ ■ < ok — ^} 
denote by pA.a the path 

Px,a{T) = Xj-1 + {Xj - Xj-i) ( — — ^^^^ ) , re [aj_i,aj]. 

\aj - Oj-iJ 

In other words, PA,a is a concatenation of straight lines joining Aj_i with Xj, j = 
1, . . . ,K. As before, we omit a if aj = j/K. 

Let 6 = 6i • • ■ (g) 6m be an element of B{-cui)®"^ and choose TV S N+ as in l5.5l 
Actually, it is sufficient to take as N the least common multiple of coefficients 
of in all co-roots of q. Then bk = 7r^(fc) with u^'^'' = {w[''^'!Ui > ■ ■ ■ > w^^^vui} 

(k) (r+1) 

for some Wj e W. Set VrN+s = w), r = 0, . . . , to — 1, s = 1, . . . , iV. The el- 

ement b then corresponds to the linear path px gV with A — {Xq = 0, Ai . . . , XNm} 
where Xj = jj X]i-=i '^k- On the other hand, using the map Sn and the associativity 
of the tensor product of crystals, we associate with b the element TN{b) := tti ® • • - (Ei 

TTNrn G ^(tJJ,;)®^'", where TTr TT,^. Sct Maj^(TA,(6)) = Ef=""'^x('rr ® 7r,+i). 

This expression is defined since I'r G WtUi for all r = 1, . . . , Nm and so tt^ € B{wi) 
by Lemma 1^21 

For all n e Z we associate with € B{vJi)^"^ a pathp^^^^ G P, where A(n) = 
{Ao = 0, Ai, . . . , XNm}, Xj = Xj + Kj{b ® t"')S and 

«.(^®n-]^(^Maj,(r^(6)) + n) 

s=l s=j 

Proposition. The map tp : _B(n7i)'*™ — > P sending px ® t" to Px{n) '^'^ injective 
morphism of crystals. 
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Proof. The injectivity is obvious. Let b = p\. By the definition of affinisation, 
wt6 (g) t" — wt6 + n(5 = \Nm, + n5. On the other hand, wt ® = ^Nm + 
KNrn{b (8) and 



^ Nm-l 

KArm(60r) = — Maj^(rjv(6)) +n- — ^ sx(7r, «)7r,+i) = n, 



iV " N 

s=l 

hence wt = wt ipib^f^). Furthermore, observe that by construction Sp^j.^^^ = 

Pa- Then it foUows from Lemma 15.61 that Sj and hence Lpj commute with ■(/; for 
aU j e T. 

Since both B{wi)®'^ and P are normal, it remains to prove that 4'{sj(b(S^ t"^)) = 
ii}{ejb (g) r+'^J.o) = ejil){b ® t") provided that e^b ^ 0. 

By the choice of A^, there exist < A: < Z < iVm such that e'L(f') — k/Nm 
and e'j^{b) ~ l/Nm. As above, we conclude immediately that e^_{il;{b(E)t"')) = k/Nm 
and e-?[_(V'(6®t")) = l/Nm. Set = ej5 and p^, = ejil^{b®t'^) — Sjp-^^^y We aim 

to prove that fi{n + Sj^) — A'. Using the formulae from 15. ll and the definition of ip 
we obtain 

'Xs + K'J, 0<s<k 
X, + a]iXk - Xs)^iaj) + K% k<s<l 
Xs + £.iaj) + K'J, I <s< Nm, 

where Ki, := Ks{ejb ® t^'^^^-"). On the other hand, 

{A^ + KsS, 0<s<k 
Xs + a^{Xk - X,,)aj + KsS, k<s<l 
Xs + aj + Ks5, I < s < Nm, 

where Ks :— Ks{b ® t"). Since aj — Sj^S + ^{cx-j), j G /, the above formulae imply 
that /i(rt + (5j,o) = if and only if 

K'^^Ks, 0<s<k (5.2) 

K'^ = Ks + a;(Afc - Xs)6j^o, k<s<l (5.3) 
K'^ = Ks + <5j- 0, l<s< Nm. (5.4) 



Nm whilst tt^ = SjTTr — T^sj}^,., r — k + 1, . . . ,1. Then 
K' ~ Ks 



Write TN{ejb) = ttJ (g) • ■ • (g) 7r^„j. By Lemma tt^ = tt,., l<r<A:orZ<r< 

= k 

^(l(Maj^(TA,(e,6)) -Maj^(r^(&))) + J,-o) 
1 '"^ 

~N ^M'^'r ® ^r+l) - X(7rr TT^+l)) ^5 5) 

r— 1 

Afm-1 

~N (xK -XK ®7r^+i)) 

r— s 

Evidently, xi'^^'r ® ""r+i) = xl""!- ® tt^+i) for all 1 < r < /c and for alH < r < Nm. 
The crucial point in our argument is the following 
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Claim. One has 

xiK K+i) = x{T^k <E> s-jTTk+i) = xi-^k ® TTfc+i) - a){vk+i)5o,o (5-6) 

= x(7rr ® TTr+i) + Q;J(t'r - t'r+i)<5j,o, k<r<l (5.7) 
X(7r,' (g) 7r,'+i) = x(sj7r, (g) ni+i) + aJ(iy/)(5j,o (5.8) 

Before we establish the claim, let us prove that (|5. 211 - 1)5. 4|) follow from (|5.6|) - (|5.8|) 
and (|5.5II . Observe first that for j ^ 0, the above formulae imply that x(7r^®7r^+i) = 
xiT^r ® T^r+i) for all 1 < r < Nm, so in that case there is nothing to prove. 
Furthermore, suppose that j — and 1 < ^ < Nm. Then 



Maj^(T^(eo5)) - MajjTjv(&)) = ^ m^(i.,) - ^m^(z.,+i) 

r=fe+l r=fc 

= ^ a^(i^r) = N{hl{k/Nm) - hl{l/Nm)) = -N 



(5.9) 



r=k+l 

by the choice of k and Z, whence by (|5.6|I - H5.8|I 



min{s — 1,/} 



N 

r—k 
I 

S 



(5.10) 



(x(7r^ «)7r^+i) - XK «'<+i))- 



r— max{s,fc} 

For s = 1 , . . . , A: the first sum is empty whilst the second sum reduces to 
Thus, K'^ = i^s, s = 1, . . . , A:. Furthermore, for s = /c + l,...,/ — 1 we get 

r=k r=k+l r=s r=s 

1 

= XI "oK) = ao(Afe - As). 

Finally, for s = I, . . . , Nm — 1 the second sum in (|5.10|l vanishes and so 

r— r— A;+l r— fc+1 

by (ICTIl . 

Similarly, for I — Nm we get 

Maj^(rAr(eo6))-Maj^(rjv(6)) = ^ (j^.) " (^^z) = - ^"iq^I'^/), 

r=fc+l 
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whence 

s 1 

K^K, = <(j^Ar™)+— ^r(x(7r^ (g)7r^+i) -xK <»7r;+i))+ 

r—k 

M 1 5.11 

^ X! (X(7rr«)7r^+l) -xW^^+l))- 
r— max{s,fc} 

For s = 1, . . . , A: the first sum in H5.11|l is empty and so 

Nm-l Nm-1 
r— A; r— 

Finally, for s = A: + 1, . . . , Nm^ 
as required. 

It remains to prove the claim. By Kashiwara's tensor product rule, Cjh = hi ® 
■ ■ ■ <E) Cjbp ^ ■ ■ ■ (E) bm for some 1 < p < m. Since bp is an LS-path, the function hi 

is strictly increasing on the interval [e-'_{bp), e-'^{bp)] = [k' /N,l' /N], where k' = 
k- {p- 1)N, V = 1- {p- l)N and Q < k' < V < N hy ^ Proposition 4.7(b)] 
(recall that the definition of crystal operators on P we use differs by the sign of 
from that of Therefore, a) {vr) < 0, r ^ k + 1, . . . ,1. It follows from lO 

that = Lpj{TTr) < £jiT^r) = ^ckj(^'r)- Thcn, by Kashiwara's tensor product rule 

-Qy(i^,-+i), , -ay(i/^+i) 



e ■ 



(-TTr ® TTr+l) = TTr ® e - ' TTr+l = TT,. ® SjTTr+l , k<r<l, 



where we used 15.21 Therefore, xi^r ^ SjiVr+i) = x^^^r ® t^t+i) — ^jflCt)- (lyr+i) 
by Lemma Furthermore, since £j(sj7rr+i) = £j(7rr+i) + a)- (vr+i) = 0, 

e^- (TTr SjlTr+l) = TTr SjTTr+l — SjTT,. ® Sj7r,.+ l. 

Then x{sjTTr SjTTr+i) = x(7rr ® SjTTr+i) + <5j,oaJ (i^r) by Lemma whence (|5.7|l . 

Suppose that fc > 0. Since all local maxima of /i^(t) are integers, it follows by 
the choice of k and I that /i^(r) < h{(k/Nm) for r < fc/TVm. Then aj(i/fc) < 0, 
whence = ipj{TTk) < ej(TTk+i) — ~ctj (i^k+i)- Using Kashiwara's tensor product 
rule, we obtain 

(TTfe ® TTfe+l) = TTfe ® 6^ TTfc+l = TTfc (g) SjTTfc+l, 

and (|5.6|) follows by Lemma f4. 41 Finally, suppose that I < Nm. Since reaches 
its local maximum at l/Nm, we conclude that aj(i^;+i) > 0, whence ipjijTi) = = 
^ji'^i+i)- Therefore, 

ej (tt/ (g) 7r;+i ) = e^- tt; g) 7r;+i SjTT; g) 7r;+i, 

which yields H5.8|l by Lemma ITU □ 

Corollary. The associated crystal of a (^-crystal basis B['uj^rn) of the integrable 
JJg-module V{'UJ^m) is isomorphic to ijj{B{vJi)®'''^). 
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5.8. Let us compute ?/'(7rg™ (g) i"), n G Z. Recall that x(7rroi ® Tr^J = 0. 
Since, evidently, TAr(7r®™) = Trgf" we conclude that Maj^(Tjv(7rg7')) = and so 
Ks(7r®™ (g) = sn/Nm. Thus, V-Ctt®™ (g) i") = 7r,„^,+„5. In particular, S(mTO, + 

ri(5, P), n e Z is an indecomposable subcrystal of '4}{B{mi)®™-). 

Proposition. The image of B{wi)®'^ in P under -0 is a disjoint union of inde- 
composable crystals B{mvji + n(5, P) , n = 0, . . . , m — 1. 

Proof. By [251 Theorem 1.1], a crystal basis of V{vji;i) is isomorphic to i?(n7i,P) 
which is indecomposable, being generated by the linear path Tr^i G P- On the other 

hand, B(vji-^i) is isomorphic to the affinisation B{-!xii;i) of the crystal basis B{vji-^i) 
of V{Txii.^i) which in turn is isomorphic to the affinisation of B{vDi) C P. We 

conclude that B{zUi) is indecomposable as a crystal. Thus there exists a monomial 
X G M such that x{'k^. (g) 1) = tTt^. g) i. 

Set deg Cj = (5j^o and deg fj — —Sj^. That defines a grading on A4. Since a;(7rroi g> 
1) = xn^. g) t'^'^sa: i^y tj^e definition of affinisation, it follows that deg a: = 1 
and Write X = Xj^ ■ ■ ■ Xj^ where Xj^ is either ej^ or fj^ and jr G / and 

set cct™) = ■ • - a;^. Evidently, degx^"*) = m. We claim that x'^^Trg^ = tt®^. 
Indeed, tt®™ — S'm(7rroJ and so x^tt^™ = 5m(xjj7rtj,J. It remains to use induction 
on k. 

Since dega;(™) = m it follows that x(™)(7i"Sr ® = '^S™ ® ^^^"^ ^o^' ^ e Z. 
On the other hand, let y — x'j_^ ■ ■ ■ x^^ where x'^^ ~ Cj,, if Xj^ — fj^ and vice versa. 
Evidently, degy — —1. Since xtt^. = tt^. and e^, fi are pseudo-inverses of each 
other, it follows that yiTT^. = n^.. Since degy^™-' = —m we conclude, as above, 
that (Trg™®*'^) = 7rg™g)t'=-™ for aU fc e Z. Therefore, 7r™^,+(„+™)5 S P lies 
in B{mwi + n5,P) for aU r G Z. It follows that B{rnzui + rS,P) = B{mzui + sS,¥) 
if r = s (mod m). 

Since Biwi)®'^ is indecomposable, for all h G B{zui)'^"'' there exists a mono- 
mial X eM such that b = a;7r®7'. Then for all fc G Z, 6 g) i*-' x{t:^'^ g) t^-dcga;)^ 

It follows that i){b®t^) <G B{ mvji + n(5, P) for some n G Z, that is ip{B{'CJi)®"^) — 

Since the crystals B{mu7i + nS,P) are indecomposable, it remains to prove 
that B{mzui + r5,P) ^ B{mmi + S(S, P), r ^ s (mod m). For, observe that by the 
proof of Lemma 1131 Mai.^ ixb) — Maj^(fo) — deg a; (mod m) provided that xb ^ 0, 
X € M. Therefore, the set C, := {& g) : 6 G S(ro,)®'", A: G Z, Maj^(&) + k = s 

(mod m)} is a subcrystal of B{wi)^"^ and B{wi)^"^ — Y[T=o^ Moreover, 
since Maj^(7r®7') = 0, Trgf" g) T G C, if and only if r = s (mod m). Thus, V(Cs) 
contains an element of B{m'cui + r6,¥) if and only if r = s (mod m). It follows 
that V'(C's) = B{mvji + s5). □ 

Corollary (Theorem T/ie associated crystal of C^- crystal basis B{-cJi-_rnY^'^ of 
the simple XJq-module V{vj^„iY'^'^ is isomorphic to B{mnji + kS,F) and hence in- 
decomposable. 

Proof Bv TheoremOl ^(w,.™)^^) = {6g)i" : b G B{v!j,.,n), n G Z, Maj^(6)-|-n = 
k (mod m)}. Since the associated crystal of B{vji.„i) is isomorphic to B{vji)®"^ 
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by [211 and Proposition 14.11 we conclude that B{vj^rn)'^^^ is isomorphic to Ck in 
the notation of the proof of the above proposition. □ 
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